HEAT AND GEOMETRY
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1. Pre-Lecture Notes 2018.07.13
It’s Friday the 13th! If you ever hear a fire alarm or have reason to suspect fire
go swiftly (and take others with you) to safety! No time to spare! There are two
mathematically proven facts about heat:
(1) The speed of propagation of the heat equation is infinite.
(2) The physical underlying process of heat is the Brownian (random) motion
of particles.
So, in a nutshell, heat travels super fast and is super random. Yikes! In today’s
lecture, we shall prove these facts. First we will prove infinite speed of propagation
for the heat equation on Rn . To obtain the result for domains in Rn we shall
require a version of the maximum (and minimum) principle for solutions of the
heat equation. So,vdbg
we’ll prove that. Finally, we shall require a slight modification
of Theorem 1 of [19].
vdbg

Exercise 1. Work through the proof of [19, Theorem 1] carefully adapting to the
analyst’s heat equation. This corresponds to changing things by a factor of 2, because
the probabilist’s heat equation uses ± 21 ∆ rather than our ∆. Mind the gaps! There
is in particular one step, which albeit correct, requires several calculations to verify
this step. Can you find this rather giant step? Can you fill in the details?
We shall use the exercise together with the maximum principle and infinite propagation speed for the heat equation on Rn to prove infinite speed of propagation
for the heat equation on domains in Rn . Then we will move from the macroscopic
scale to the microscopic scale...
The notion of heat being the result of the random motion of particles goes back
to Einstein (and perhaps his contemporaries or some older guys, but I am not such
a history expert). Einstein wrote a series of papers which contain a somewhat
hand-wavy proof that the random motion of particles is underlying the flow of heat
in particular, and diffusion in general. Interestingly, he also explained how one
could use the calculation of the diffusion coefficient based on the laws of physics
and thermodynamics to determine the size of molecules.
einstein

Exercise 2. Read [1].

We will show how a discrete random walk which tends to a continuous Brownian
motion gives rise to the solution of the heat equation. This is essentially the Central
Limit Theorem. In this way we will see how the random motion of particles is indeed
the stochastic process underlying the heat equation. Finally, we shall return to the
central theme of this course: heat and geometry. We shall discuss recent results
concerning geometry and curvature which have been obtained using heat kernel
type methods.
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